Finite viscoplasticity of amorphous glassy polymers in the logarithmic strain space  by Miehe, C. et al.
International Journal of Solids and Structures 46 (2009) 181–202Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsols t rFinite viscoplasticity of amorphous glassy polymers in the logarithmic
strain space
C. Miehe *, S. Göktepe, J. Méndez Diez
Institut für Mechanik (Bauwesen), Lehrstuhl I, Universität Stuttgart, 70550 Stuttgart, Pfaffenwaldring 7, Germanya r t i c l e i n f o
Article history:
Received 16 August 2007
Received in revised form 5 August 2008
Available online 3 September 2008
Keywords:
Glassy polymers
Finite viscoplasticity
Logarithmic strains
Network models
Experiments
Optical measurements
Simulations0020-7683/$ - see front matter  2008 Elsevier Ltd
doi:10.1016/j.ijsolstr.2008.08.029
* Corresponding author. Tel.: +49 711 685 6379;
E-mail address: cm@mechbau.uni-stuttgart.de (Ca b s t r a c t
The paper outlines a new constitutive model and experimental results of rate-dependent
ﬁnite elastic–plastic behavior of amorphous glassy polymers. In contrast to existing kine-
matical approaches to ﬁnite viscoplasticity of glassy polymers, the formulation proposed is
constructed in the logarithmic strain space and related to a six-dimensional plastic metric.
Therefore, it a priori avoids difﬁculties concerning with the uniqueness of a plastic rotation.
The constitutive framework consists of three major steps: (i) A geometric pre-processing
deﬁnes a total and a plastic logarithmic strain measures determined from the current
and plastic metrics, respectively. (ii) The constitutive model describes the stresses and the
consistent moduli work-conjugate to the logarithmic strain measures in an analogous
structure to the geometrically linear theory. (iii) A geometric post-processing maps the stres-
ses and the algorithmic tangent moduli computed in the logarithmic strain space to their
nominal, material or spatial counterparts in the ﬁnite deformation space. The analogy
between the formulation of ﬁnite plasticity in the logarithmic strain space and the geomet-
rically linear theory of plasticity makes this framework very attractive, in particular regard-
ing the algorithmic implementation. The ﬂow rule for viscoplastic strains in the
logarithmic strain space is adopted from the celebrated double-kink theory. The post-yield
kinematic hardening is modeled by different network models. Here, we compare the
response of the eight chain model with the newly proposed non-afﬁne micro-sphere
model. Apart from the constitutive model, experimental results obtained from both the
homogeneous compression and inhomogeneous tension tests on polycarbonate are pre-
sented. Besides the load–displacement data acquired from inhomogeneous experiments,
quantitative three-dimensional optical measurements of the surface strain ﬁelds are car-
ried out. With regard to these experimental data, the excellent predictive quality of the
theory proposed is demonstrated by means of representative numerical simulations.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Amorphous glassy polymers have been widely employed in various practical application areas that cover automotive and
construction industry, electronics, optical devices and medical technology, to mention a few. The broad spectrum of appli-
cation is due to their good processing features, high energy absorption capacity under impact loadings, lower weight relative
to glass and excellent optical properties. The geometry of the products used in the above mentioned practical applications is
generally three-dimensional and has varying aspect ratio and dimensional scales. Apart from the geometrical challenge,
amorphous glassy polymers exhibit rate-dependent ﬁnite elastic–plastic material behavior. The elasto-viscoplastic response
stems from the inherent disordered micro-structure of the material that is formed by linear polymer chains existing in the. All rights reserved.
fax: +49 711 685 6347.
. Miehe).
182 C. Miehe et al. / International Journal of Solids and Structures 46 (2009) 181–202‘‘frozen-in” state. In contrast to elastomers or thermosets, they are generally not cross-linked by chemical bonds but their
network structure is rather formed by physical junctions, the so-called entanglements. This intrinsic micro-structure brings
along the rate and temperature effects prevailing in the material behavior. The ﬁnite elasto-viscoplastic behavior is not spe-
ciﬁc only to tough polymers but is also observed in brittle polymers on a much smaller scale, especially in the course of craz-
ing. For this reason, both a sound three-dimensional constitutive model accounting for the complicated material behavior
and the associated effective numerical algorithm for ﬁnite element simulations are of great importance.
1.1. Mechanical behavior of amorphous glassy polymers
Probably, the most illustrative example for the ﬁnite elasto-viscoplastic behavior of ductile glassy polymers is the so-
called cold drawing process. Fig. 1 depicts the tensile load–displacement curve of a dumbbell-shaped polycarbonate (Makr-
olon 2607) test piece (ISO 527-Type 1B) undergoing cold drawing. The experiment was conducted on a MTS servohydraulic
uniaxial testing machine at a constant cross-head speed _u ¼ 2 mm/min and room temperature. The representative stages of
the deformation are labeled from (a) to (h) on both the load–displacement diagram and the snapshots of the deformed spec-
imen in Fig. 1. Combination of the load–displacement diagram and the associated images shows the initation, stabilization
and propagation of the neck. Apart from these images, the quantitative principal stretch contours corresponding to the
stages (a)–(f) of the experiment are presented in Fig. 2. The contours were obtained by post-processing the recognized part
of each associated image whose periphery is highlighted with the solid line in Fig. 2. The commercial software ARAMIS, which
is based on the optical measuring technique, the so-called grating method, was used to capture the three-dimensional strain
ﬁeld evolving on the surface of the dumbbell-shaped specimens during deformation. Further details concerning the prepa-
ration of specimens and the procedure followed for inhomogeneous strain ﬁeld measurements are outlined in Section 4.
In Fig. 1, the initial linearly elastic part of the load–displacement curve bounded by the level a) falls into the range of small
deformations. In the succeeding interval, between the stages (a) and (b), the curve gradually becomes non-linear and exhib-
its viscoelastic charateristics as shown in Fig. 1. At these stages of the extension, the strain ﬁeld along the specimen is mea-
sured to be uniform, see Fig. 2a and b. The highest load level (b) attained at the end of the non-linear viscoelastic part is
generally called the macro-yield point. Any unloading below this point does not result in signiﬁcant hystereses or permanent
strains, see Lu and Ravi-Chandar (1999). It has been shown that the pre-yield viscoelastic behavior is essential to elucidate
the non-linear unloading and creep response of the material. For more detailed discussions concerning the phenomenon, the
reader is referred to the recent works of Hasan and Boyce (1995) and Anand and Ames (2006). Further extension beyond the
yield point (b) leads to inelastic strain localization regions that generally appear in the form of micro shear bands causing a
softening in the load–displacement response, see Tomita et al. (1997) and Lu and Ravi-Chandar (1999). These bands thenFig. 1. Load–displacement diagram and the snapshots of a dumbbell-shaped polycarbonate (PC) specimen subjected to extension at a constant cross-head
speed _u ¼ 2 mm/min and room temperature. The selected stages of deformation labeled from (a) to (h) depict the process of initiation, stabilization, and
propagation (cold drawing) of the neck.
a b c
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Fig. 2. Major principal stretch measurements carried out by means of the optical measurement facility during the extension of the dumbbell-shaped
polycarbonate specimen described in Fig. 1. Each set of a speckled snapshot of the specimen and a corresponding principal stretch contour plot labeled from
(a) to (f) corresponds to a deformation state labeled with the same letter in Fig. 1. The solid line drawn on the speckled specimen denotes the periphery of
the active measurement region.
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necking, compare Fig. 1d and Fig. 2d. The contour plot in Fig. 2c corresponding to an intermediate step during the process of
neck stabilization clearly exhibits the nature of this process. As depicted in Fig. 1, the thickness of the neck reaches an almost
stationary state and stabilizes around the lowest post-yield load level at the stage (d). This is the point where the chains in
the active necking zone start plastically to align along the extension direction. The alignment of the molecules results in the
so-called strain hardening and causes the neck front to propagate through the test piece at an almost constant load level be-
tween the stages (d) and (h). This process is commonly called cold drawing and yields a highly anisotropic deformed state as a
result of large inelastic alignment of chains. During this process, the contour plots corresponding to the stages (d)–(f) show
some further extension in the already plasticized regions. This is also reﬂected in the gradual hardening in the load–displace-
ment diagram, albeit its very small value. As the neck shoulders reach the grip zone about point (h), the curve starts to stiffen
again and climbs up till the ultimate failure.
In the above-described cold drawing experiment, as the contour plots in Fig. 2 clearly show, beyond the macroscopic yield
point (b) the stress/strain ﬁeld along the specimen is not homogeneous anymore. Besides, the rate of deformation at different
material points considerably differs from each other. Since the material response is rate-dependent, any stress–strain rela-
tion obtained from such type of experiment without special measuring techniques equipped with speciﬁc control devices
would not reﬂect the true local material response, see for example Hope (1980), G’Sell and Jonas (1979) and G’Sell et al.
(1992). Owing to the high computational cost, there have been few studies that directly employed uneven ﬁeld measure-
ments on the surface of the tensile specimen for identifying material parameters of models. In the work of Tomita et al.
(1997), the nominal stress measurements at distinct cross-sections of a tensile specimen undergoing highly inhomogeneous
deformation are successfully used to identify the material parameters in a hybrid way. In order to circumvent the difﬁculties
associated with the non-homogeneous strain state in tensile experiments, uniaxial and plane strain compression experi-
ments have been carried out to investigate the local stress–strain response. In the compressive uniaxial and plane strain tests
a macroscopically homogeneous strain state can be achieved provided that the friction between the specimen and platens is
eliminated by the use of an appropriate lubrication technique. For instance, Raha and Bowden (1972) and Bowden and Raha
(1970) reported the results of plane strain compression tests on polymethylmethacrylate (PMMA) and polystyrene (PS). The
uniaxial and plane strain compression stress–strain data of PMMA and PC up to the true strain value ln k  1 have been
presented in Arruda and Boyce (1993a) and Boyce et al. (1994). In Fig. 6b, the true stress–true strain response of polycarbon-
ate under uniaxial and plane strain compression is depicted. As can be noticed immediately, the local stress–strain response
exhibits a true strain softening followed by strain hardening at large deformations. The true strain softening is believed to be
the result of localized shear band formation accompanied by the evolution of local free-volume, see Argon (1973), Hasan
et al. (1993), Hasan and Boyce (1995), and Anand and Gurtin (2003). It has also been observed in Fig. 6b that the yield stress
in glassy polymers exhibits both the deformation state and the pressure dependency (Spitzig and Richmond, 1979).
184 C. Miehe et al. / International Journal of Solids and Structures 46 (2009) 181–2021.2. Constitutive approaches to modeling of glassy polymers
During the transition from a rubbery to a glassy state the random micro-structure of the material is generally con-
served, see Treloar (1975). The mobility of the chains, however, is greatly affected by a decrease in temperature. At tem-
peratures well below the glass transition temperature, the mobility of the molecules declines substantially and they exist
in a ‘‘frozen-in” state. As commonly accepted, two types of physical resistance govern the energy barrier that must be
overcome to yield the material and to deform it up to large plastic strains. These are associated with the intermolecular
and intramolecular mechanisms, respectively. The plastic ﬂow of glassy polymers is a thermally activated, statistical pro-
cess whose rate is proportional to the celebrated Boltzmann factor expðDG=khÞ, where DG, k, h are the energy barrier to
be surmounted, the Boltzmann constant, and the absolute temperature, respectively. To achieve the macroscopic yielding,
the stress state in the material must be brought to a level at which the necessary thermal energy level for the segment
rotation can be attained. This barrier is proved to be closely related to the intermolecular resistance, and therefore depends
on the pressure, which increases the degree of packing in the material micro-structure. After yielding the material ﬂows
and molecules align in the ﬂow direction. During the orientation of chains, the conformational entropy of chains decreases.
Similar to the elasticity of rubbery polymers, ﬁnite plastic deformations accompanied by strain hardening can only be at-
tained by overcoming the entropic resistance, see Haward and Thackray (1968), Rider and Hargreaves (1969) and Argon
(1973) among others.
Early theories on glassy polymers, e.g. Marshall and Thompson (1954), attempted to account for the plastic defor-
mation through an increase in chain mobility due to either a deformation induced dissipative heating leading higher
temperature or a deformation-induced increase in free volume providing more room for the motion. Although these
factors facilitate the plastic ﬂow below the glass transition temperature, they cannot be justiﬁed as the sole reasons
yielding the active motion of molecules, see for instance (Vincent, 1960). Owing to the above arguments, ﬁrst, visco-
elasticity theories have been employed for the description of the phenomena. These theories, being essentially based
on Eyring-type (Eyring, 1936) rate equations, are restricted to limited range of temperature and deformation rates. Be-
sides, the physical signiﬁcance of the phenomenological parameters appearing in the theory remains dubious, see Bow-
den (1973) and Crist (1997) for a review. These theories have been followed by physically based plasticity models
motivated from the experimentally observed permanent residual deformation remaining after unloading. Probably
the most signiﬁcant molecular theories for the rate-dependent inelastic behavior of amorphous polymers have been
proposed by Robertson (1966) and Argon (1973). In the Robertson model, plasticity is attributed to a thermally acti-
vated transition of molecular chains from ﬂexed to extended conﬁgurations by rotation of its segments. This scenario is
based on the overcoming of only the intramolecular resistance by externally applied stress. The celebrated double-kink
theory of Argon (1973) is also based on the thermally activated process but the resistance to the ﬂow is primarily
attributed to the intermolecular interactions via the so-called wedge disclinations, see Li and Gilman (1970). Compared
to the former, the latter yields better agreement with the experiments conducted at temperatures well below the glass
transition temperature hg. This indicates the importance of intermolecular interactions in the yield mechanism of glassy
polymers. On the other hand, the former has been shown to be relatively better at temperatures close to hg, see Argon
and Bessonov (1977).
Over the past decades, considerable effort was made to develop three-dimensional constitutive models that account for
the ﬁnite viscoplastic behavior of glassy polymers. The pioneering works of Boyce, Argon, Parks and co-workers (Boyce
et al., 1988; Arruda and Boyce, 1993b; Arruda et al., 1995; Hasan and Boyce, 1995) have been followed, for instance,
by Wu and van der Giessen (1993, 1994, 1995), Tomita and Tanaka (1995), Govaert et al. (2000), Anand and Gurtin
(2003), among others. The molecular double-kink theory (Argon, 1973) was extended to the three-dimensional formula-
tion by Boyce et al. (1988) where they also incorporated the strain softening by a phenomenological evolution equation for
the athermal shear strength. In this work, they applied the double-kink theory to the rate-dependent evolution of ﬁnite
plastic ﬂow. Kinematics of the plastic deformation is based on the multiplicative split of the deformation gradient into
elastic and plastic parts. The immediate outgrowth of this multiplicative split is the hypothetical intermediate conﬁgura-
tion. However, in contrast to metals, the rotation is not unique and not well understood in the case of amorphous mate-
rials. Therefore, in this context one needs to make an additional assumption concerning the rotation tensor or the plastic
spin. Boyce et al. (1989) suggested the elastic part of the deformation gradient to be symmetric. For modeling the strain
hardening in the post-yield regime, the entropic network models borrowed from the statistical rubber elasticity theories
have been employed. As material temperature is increased above its glass transition temperature without any restraint, it
is observed to regain its original shape as well as isotropic molecular structure, see Haward and Mann (1964) and Haward
et al. (1971). Therefore, the recovery of the original shape at h > hg provides an evidence for the existence of internal
forces, commonly referred to as back stresses at h < hg. These may be considered as external forces at h > hg required
to keep the material in the deformed state. Moreover, the existence of memory effect necessitates an sparsely connected
network structure. In the case of linear glassy polymers, this network structure is provided by entanglements. Owing to
the similarity between rubber-like and plastic post-yield responses, as originally suggested by Haward and Thackray
(1968), the post-yield strain hardening response was conventionally modeled by the network models proposed in James
and Guth (1943), Wang and Guth (1952), Arruda and Boyce (1993b), Wu and van der Giessen (1993), and Tomita et al.
(1997).
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In this contribution, we develop a new ﬁnite elasto-viscoplastic model for ductile polymers, in particular polycarbonate,
under isothermal conditions at temperatures well below the glass transition temperature hg. The key ingredient is the kine-
matical framework of ﬁnite elasto-viscoplasticity adopted from the recently proposed approach by Miehe et al. (2002a). This
framework exploits the ideas of the so-called additive metric plasticity similar to the geometrically linear theory of elasto-
plasticity. The constitutive framework is constructed in the logarithmic strain spacewhere the elastic part ee of the Lagrangian
Hencky strain e :¼ ln½C=2 is deﬁned as ee :¼ e ln½Gp=2 ¼ e ep where C :¼ FTF denotes the right Cauchy–Green tensor.
This additive form allows us to formulate ﬁnite plasticity in a framework analogous to the geometrically linear theory which
in turn leads to a very attractive algorithmic setting. Within this framework the evolution of viscoplastic strains ep is adopted
from the celebrated double-kink model of Argon (1973). As conventionally accepted in the literature, the kinematical hard-
ening mechanism due to the plastic alignment of the chains may be modeled by the network models of rubber elasticity.
Most models in the literature use the eight-chain model of Arruda and Boyce (1993b). We here also incorporate the recently
proposed non-afﬁne micro-sphere model of Miehe et al. (2004). The modeling capacity of the proposed approach is then as-
sessed by comparing the simulation results with the experimental data. For that purpose we carried out macroscopically
homogeneous uniaxial and plane strain compression experiments on PC specimens under isothermal conditions. These data
are then used to identify the limited material paramaters. The performance of the model with the identiﬁed material param-
eters is tested in a three-dimensional ﬁnite element simulation of the cold drawing experiment described in Figs. 1 and 2.
The comparison includes not only the load–displacement diagram but also three-dimensional strain ﬁelds. Comparison of
the simulations with experimental results indicate the outstanding quantitative modeling capability of the proposed
approach.
The paper is organized as follows. Section 2 brieﬂy outlines the additive kinematic approach to ﬁnite inelasticity in
the logarithmic strain space and points out the model-independent modular algorithmic structure. Section 3 is devoted
to the elasto-viscoplastic constitutive model in the logarithmic strain space and the details of its algorithmic imple-
mentation. In Section 4, representative numerical examples illustrating the modeling capabilities of the proposed
approach in comparison with the experimental results obtained from the homogenous and non-homogeneous tests
are presented.2. Additive ﬁnite plasticity in the logarithmic strain space
Despite the intensive work carried out over the last four decades, the development of a canonical kinematic framework
for ﬁnite elastoplasticity is still a topic of active research. An exhaustive review of the existing literature on kinematics of
ﬁnite plasticity is not aimed here but only a few key references will be addressed. For a comprehensive review, the reader
is referred to the critical state-of-art manuscripts by Naghdi (1990) and Xiao et al. (2006), among others. Apart from the
rate formulations (hypoelasticity), the kinematical approaches to ﬁnite plasticity may be roughly classiﬁed into two main
categories: (a) The formulations based on the multiplicative decomposition of the deformation gradient into the elastic
and inelastic parts, i.e. F ¼ FeFp. (b) The framework constructed on the notion of an additional primitive Lagrangean plas-
tic strain Ep. The former has been motivated from the micromechanical plasticity theory of crystalline materials and ap-
plied also to the phenomenological framework of plasticity. The multiplicative split of the deformation gradient,
commonly referred to as the Kröner–Lee decomposition, can be traced back to the seminal works of Kröner (1960), Lee
(1969) and Mandel (1972). The latter is based on the introduction of the Lagrangean plastic deformation measure Ep as
a primitive variable proposed by Green and Naghdi (1965). This framework, the so-called Green–Naghdi theory, has been
further extended by Miehe (1998a,b) based on the notion of the evolving reference plastic metric Gp. Motivating from the
notion of Lagrangean plastic metric, an additive framework for the ﬁnite plasticity has been recently proposed within a
framework of the logarithmic strain space by Miehe et al. (2002a), Papadopoulos and Lu (1998, 2001), and Miehe and Apel
(2004). Results of the additive ﬁnite plasticity in the logarithmic strain space were compared in Miehe et al. (2002a) with
results obtained from classical multiplicative plasticity for both isotropic and anisotropic materials. This comparative
study indicates the closeness of the results obtained by the distinct formulations for a broad range of boundary value
problems considered. The similarity between the formulation of ﬁnite plasticity in the logarithmic strain space and the
geometrically linear theory of plasticity makes this formulation highly attractive, especially with regard to the algorithmic
implementation.
The kinematic setting of almost all of the proposed approaches to ﬁnite viscoplasticity of glassy polymers make use of the
Kröner–Lee multiplicative decomposition of the deformation gradient. The immediate outcome of this approach is a stress-
free relaxed intermediate conﬁguration which is physically well-justiﬁed in the case of crystal plasticity. In the case of non-
crystalline materials, however, some additional assumptions for the properties of the elastic part of the deformation gradient
(Boyce et al., 1988) or for the plastic spin (Anand and Gurtin, 2003) are required. Being distinct from the former, we here
extend the recently proposed alternative additive kinematical approach in the logarithmic strain space by Miehe et al.
(2002a) to the ﬁnite viscoplasticity of glassy polymers. This framework a priori avoids the difﬁculties and assumptions asso-
ciated with the ﬁctitious intermediate conﬁguration and serves as a key advantageous kinematical setting allowing an efﬁ-
cient algorithmic formulation in the six-dimensional symmetric space.
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Being consistent with the Kröner–Lee decomposition, a multiplicatively deﬁned objective strain variable of the formFig. 3.
conﬁgueem :¼ fmðFpTCFp
1Þ ð1Þenters an elastic energy storage function of the constitutive model. The convected current metric C :¼ FTgF is a function of
the deformation F of the material, see Fig. 3a. The plastic map Fp is considered as an internal variable that describes the plas-
tic ﬂow through the crystal by multiple shearing on crystallographic slip planes in crystalline materials. For isotropic as well
as anisotropic materials with preferred structural directors which deform with the material it can be shown that the plastic
map enters stored energy functions through the metric Gp :¼ FpT eGFp, see Fig. 3b. This justiﬁes a framework of ﬁnite plastic-
ity based on a plastic metric Gp that is a priori considered as an internal variable. A particular additive dependence of the
Lagrangean elastic strain variable on C and Gp is provided aseem :¼ fmðCÞ  fmðGpÞ: ð2Þ
Here, the tensor-valued isotropic tensor function fm characterizes the Seth-Hill family of generalized strain measures deﬁned
byfmðAÞ ¼
1
m ðAm=2  1Þ if m–0;
1
2 lnA if m ¼ 0;
(
; ð3Þwhere all m 2 R and A 2 Symð3Þþ. The speciﬁc choices of m ¼ 0;1;2 deﬁnes the Hencky strain, the Biot strain and the Green
strain, respectively, in the Lagrangean geometric setting of ﬁnite elasticity. For the Green–Lagrangean strains withm ¼ 2, it is
readily observed that the basic invariants of (1) coincide with those of (2) when the later are computed with respect to the
plastic metric. This already makes clear for an isotropic integrity basis that the use of the Lagrangean elastic strain measure
(2) is in general consistent with the approach (1) only if the energy storage function depends on eem and G
p. However, choos-
ing m ¼ 0 in (1) and (2), we observe ee0 ¼ ee0 for the special case of coaxial total and plastic deformations where C and Gp
commute and the plastic map is identiﬁed by Fp ¼ Gp1=2. In this case, the logarithmic Lagrangean elastic strain measure de-
ﬁned byee :¼ 1
2
lnC  ep ð4Þbrings the additive split (2) at least closer to the multiplicative form (1). The logarithmic plastic strain ep :¼ ð1=2Þ lnGp de-
ﬁned in (4) with Gpðt0Þ ¼ G may be considered as the internal variable that enters the constitutive formulation.
2.2. Modular structure of the constitutive equations
The additive decomposition of the total strains into elastic and plastic parts is a typical feature of the geometrically linear
theory of plasticity. Thus the form (4) provides a natural basis for a material-independent extension of constitutive struc-
tures from the geometrically linear theory to the nonlinear theory at ﬁnite strains. The point of departure for this extension
is an a priori six-dimensional approach to ﬁnite plasticity based on the notion of a plastic metric. Within this general frame-
work, we consider three modules which deﬁne a class of ﬁnite plasticity models consistent with (4):
 Geometric pre-processor deﬁnes the total and plastic logarithmic strain measures, which are obtained from the current and
plastic metric, respectively.
 Constitutive model describes the constitutive equations for elasto-viscoplasticity in the logarithmic strain space in a struc-
ture identical to geometrically linear theory.a b c
Deﬁnition of metric and stress tensors as mappings. (a) Current metric: g, in Lagrangean conﬁguration C:= FT gF. (b) Plastic metric: Gp, in Eulerian
ration cp:= FT Gp FT. (c) Nominal stress: P, Eulerian Kirchhoff stress s:= PFT, Lagrangean second Piola–Kirchhoff stress S:= F1P.
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rian counterparts.
The attractive feature of the above-outlined modular structure of ﬁnite plasticity is the possibility to adopt known constitu-
tive models of the inﬁnitesimal theory as a module in the logarithmic space. We apply this framework to a model of rate-
dependent elastoplasticity for modeling of glassy polymers by taking into account the orientation hardening, which can
be modeled by the network models of rubber elasticity, such as the eight-chain model of Arruda and Boyce (1993b) and
the recently proposed non-afﬁne micro-sphere model of Miehe et al. (2004).
2.2.1. Geometric pre-processing of the logarithmic strain space
A key point in constructing a framework of ﬁnite plasticity is the deﬁnition of an elastic strain measure ee. This measure
enters as a variable the constitutive function that describes the macroscopic elastic energy storage. We assume this strain
measure to be a function of the above-introduced Lagrangean current and plastic metric tensors, i.e.ee ¼ eeðC;GpÞ: ð5Þ
The elastic strain can be conceptually deﬁned based on the notion of additive form asee :¼ e ep ð6Þ
being consistent with (4) in terms of the logarithmic Lagrangean total and plastic strainse :¼ 1
2
lnC and ep ¼ 1
2
lnGp; ð7Þrespectively. The logarithmic tensor function f 0 maps the multiplicative characteristics of large-strain elasto-plasticity to the
additive structure of the geometrically linear theory. In particular, we observe the relationshipJp :¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
det½Gp
q
¼ exp½tr½ep ð8Þfor the plastic jacobian that governs the change of volume due to plastic deformation. Recall that the plastic incompressibil-
ity condition demandsdet½Gp ¼ 1$ tr½ep ¼ 0: ð9Þ
The incompressibility constraint on the plastic metric Gp in the context of an isochoric plastic ﬂow is described by the
additive constraint on the trace of the logarithmic plastic strain ep. As already mentioned above this is the key property
that motivates the choice of the logarithmic strain measures (7). Owing to the one-to-one relationship between Gp and
ep in (7)2, we may consider the logarithmic plastic strain measure ep as an internal variable alternative to G
p. The evo-
lution of ep is then exclusively deﬁned in the constitutive box associated with the logarithmic strain space deﬁned
below.
The derivation of the transformation tensors of the logarithmic strain space is a purely geometrical operation that is based
on the stress powerPðtÞ :¼ PðtÞ : _FðtÞ ð10Þ
deﬁned per unit reference volume of the material. The power expression in (10) is represented in terms of the non-symmet-
ric nominal stress tensor P considered in Fig. 3c. This tensor is said to be work-conjugate to the rate _F of deformation. The
non-symmetric tensors P and F are considered as the work pair of dual external variables of the local elastic–plastic material
element. The logarithmic strain measure e deﬁned in (7)1 is a function of the current metric C, which in turn depends also on
the deformation F and the Eulerian standard metric g due to the pull-back operation on g illustrated in Fig. 3a. The key
intrinsic feature of the subsequent treatment is the computation of the sensitivity of this strain measure with respect to a
change of the deformation. To this end, we introduce the relationships_e ¼ Q : _F and _Q ¼ L : _F ð11Þ
in terms of the fourth and sixth order nominal transformation tensors deﬁned byQ :¼ oFe and L :¼ o2FFe; ð12Þ
respectively. These transformation tensors play a central role in the succeeding treatment. Insertion of the inverse form of
(11)1 into (10) leads us to an alternative description of the stress powerPðtÞ :¼ rðtÞ : _eðtÞ; ð13Þ
where r :¼ P : Q1 stands for the Lagrangean stress tensor work-conjugate to the logarithmic strain measure e. The symmet-
ric Lagrangean tensors r and e provide a convenient pair of dual external variables of the local material element associated
with the logarithmic strain space. It is worth remarking on that for an isotropic hyperelastic material, the stress tensor
r :¼ oeWðeÞ coincides with the so-called rotated stress tensor obtained by the pull-back of the Kirchhoff stress tensor s with
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stress tensor r, the reader is referred to Simo and Marsden (1984).
2.2.2. Constitutive model in the logarithmic strain space
Now we consider a constitutive model of rate-dependent elastoplasticity that is exclusively restricted to the logarithmic
strain space. This model is considered as a constitutive box, its input being given by the logarithmic strain measure e and a
set I :¼ fep; . . .g of internal variables consisting of the logarithmic plastic strain tensor ep and some additional internal vari-
ables. What comes out of the constitutive box is the current stress r dual to the logarithmic strain e and the associated algo-
rithmic elastic–plastic tangent moduli Ealgo:fe;Ig ) MODEL) fr; Ealgog: ð14Þ
The attractive feature of the constitutive model is that it can preserve the structure of plasticity model of geometrically linear
theory and thus the model can adopt standard constitutive structures of the small strain theory. The details of the speciﬁc
constitutive model for viscoplasticity of glassy polymers are elucidated in Section 3.
2.2.3. Geometric post–processing of nominal stresses and moduli
Once the stresses and consistent tangent moduli in the logarithmic strain space have been obtained from the constitutive
model in (14), we map them to the nominal stresses and nominal moduli based on the straight forward application of the
transformation rules introduced in Section 2.2.1. Taking into account (13)2 and (11), we obtainP ¼ r : Q and Aalgo ¼ QT : Ealgo : Qþ r : L ð15Þ
in terms of the transformation tensors introduced in (12) with respect to the rate of deformation. Clearly, the recovery of the
plastic metric from the logarithmic strain space is obtained by the exponential map Gp ¼ exp½2ep as an inverse to the log-
arithmic map (7)2. Equations (7), (14), and (15) represent the three key steps of the modular constitutive structure of ﬁnite
plasticity in the continuous setting.
2.2.4. Geometric post-processing of Lagrangean and Eulerian objects
The symmetric Lagrangean stresses S :¼ F1P considered in Fig. 3c and their associated elasto-plastic tangent moduli CLalgo
are obtained analogously to the above derivation of the nominal tensors. We get the representationsS ¼ r : QL and CLalgo ¼ QepL : Ealgo : QL þ r : LL ð16Þ
in terms of the fourth- and sixth-order Lagrangean transformation tensors QL and LL, respectively. They are deﬁned as the
derivatives of the logarithmic strain measure with respect to the convected current metric C.QL :¼ 2oce and LL :¼ 4o2cce: ð17Þ
The Lagrangean consistent tangent moduli CLalgo govern the sensitivity of the symmetric Piola–Kirchhoff stress with respect
to the Lagrangean rate _C of deformation by_S ¼ CLalgo :
1
2
_C: ð18ÞFor the sake of completeness, we also consider the Eulerian–Kirchoff stresses s :¼ PFT and their associated tangent moduli
calgo. Being analogous to (15) and (16), we gets ¼ r : QE and cEalgo ¼ QTE : Eep : QE þ r : LE: ð19Þ
in terms of the Eulerian transformation tensors QE and LE that are deﬁned as derivatives of the logarithmic strain measure
with respect to the Eulerian standard metric g in the formQE :¼ 2oge and LE :¼ 4o2gge: ð20Þ
The Eulerian tangent cEalgo governs the objective rate equation for the Lie derivative £s ¼ F _SFT of the Kirchhoff stresses£s ¼ cEalgo :
1
2
£g: ð21ÞFor the explicit forms of the transformation tensors of the stresses and tangent in the logarihtmic strain space to their nom-
inal, Lagrangian or Eulerian counterparts we refer to Miehe and Lambrecht (2001).
3. Constitutive model for viscoplasticity of glassy polymers
In the preceding section, the modular overall kinematic framework of the proposed model was outlined in the logarithmic
strain space. In this section, we ﬁrst introduce the overall constitutive equations and then specify the constitutive functions
in the logarithmic strain space analogous to the geometrically linear theory.
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The state of the material at a local material point is assumed to be described by the total Hencky strain e and the plastic
strain ep that have been introduced in (7). The selected thermomechanical potential, the Helmholtz free energy, is then for-
mulated in terms of the state variablesw ¼ w^ðe; epÞ ¼ weðe epÞ þ wpðepÞ ð22Þ
per unit reference volume. The free energy is additively split into an elastic part and a plastic part. The former represents the
stored energy due to the elastic deformations, the latter, on the other hand, describes the transformational energy stored in
the plastically deformed regions. This part acts as a potential for back stresses that drive essentially thermal recovery from the
plastically deformed state to the undeformed state upon an increase in ambient temperature above the glass transition tem-
perature hg. The total stresses r and the back stresses b are then determined directly from the free energy by following the
well-known methodology in Coleman and Gurtin (1967)r :¼ oewðe epÞ and b :¼ oepwpðepÞ; ð23Þ
respectively. With these deﬁnitions at hand, we can now express the local dissipation per unit reference volume in the formD :¼ rI : _ep P 0 ð24Þ
where rI :¼ oepw ¼ r b denotes the thermodynamic driving stress tensor conjugate to the plastic strains ep. In order to
complete the overall constitutive framework what remains to be deﬁned is the evolution rule for the plastic strains ep. To this
end, we consider a viscoplastic ﬂow rule having the form_ep :¼ _cp dev½r
I
kdev½rIk ; ð25Þwhere _cp P 0 and dev½rI :¼ rI  13 tr½rI1 with tr½ :¼ ðÞ : 1. Notice that for the initial value of the plastic strain tensor
epðt0Þ ¼ 0, the plastic deformation remains volume conserving, i.e. trepðtÞ ¼ 0. This is in accordance with the ﬁnite viscoplas-
tic behavior of ductile glassy polymers that undergo plastic deformations chieﬂy by shear yieldingwithout exhibiting dilative
plastic ﬂow, such as crazing. The only restriction dictated by the second law of thermodynamics (24) on the model is the
positiveness of the amount of plastic strain rate _cp. That is, the model is said to be thermodynamically consistent if the visco-
plastic evolution rule fulﬁlls the condition _cp P 0. As will be shown in the subsequent part, this requirement is identically
satisﬁed due to the exponential form of the ﬂow rule.
3.2. Speciﬁc forms of the constitutive equations
The above-outlined model of viscoplasticity is basically governed by the three constitutive functions: The elastic
w^eðe epÞ and the plastic w^pðepÞ parts of the free energy, and the viscoplastic ﬂow rule _cp. In this section, the speciﬁc forms
of these constitutive functions shall be introduced.
3.2.1. The elastic free energy
As discussed in Section 1.1, the experimental observations presented in Figs. 1 and 6 as well as in the literature indicate
that the deformation in the pre-yield branch is limited to small values compared to the plastic strains attained. In spite of the
viscoelastic effects leading to a non-linearity prior to the macroscopic yield, we left them off the present formulation. For this
reason, linear elasticity in the logarithmic strain space is considered to be sufﬁcient for the current scope. To this end, we
choose a quadratic form for the elastic free energy in terms of elastic strains ee :¼ e epwe ¼ w^eðe epÞ ¼ j
2
tr2½e ep þ ldev½e ep : dev½e ep; ð26Þwhere j and l are the bulk and the shear moduli, respectively. This particular from of w^e immediately yields the stress
expression through (23)1r :¼ p1þ 2ldev½e ep with p :¼ jtr½e ep: ð27Þ
It is worth noting that the ellipticity of the elastic free energy w^e given in (26) is restricted to a certain interval of elastic
strains ee, see e.g. Miehe and Lambrecht (2001) and Bruhns et al. (2001). For instance, it can be readily shown that the max-
imum value of the stretch k in a uniaxial test is bounded by k ¼ exp½1 in the case of incompressible elasticity. For most of
glassy polymers undergoing ﬁnite deformations well below the glass transition temperature, however, the range of elastic
deformations is far below this limit. Therefore, the present formulation at hand does not run any risk of contradicting the
ellipticity requirements.
3.2.2. The plastic free energy accounting for the post-yield hardening
The second constitutive function to be speciﬁed is the plastic part of the free energy w^p. It describes the viscoplastic kine-
matical hardening through the back stresses that have been introduced in (23)2. As originally proposed by Haward and
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ticity based on ﬁnite extensibility of the polymer chains. This part essentially models the intramolecular resistance to the
plastic ﬂow due to the alignment of the chains in the principal deformation direction. The key physical motivation is due
to the celebrated experiment which demonstrates that a plastically deformed glassy polymer test piece recovers its original
undeformed shape upon heating above the glass transition temperature, see Haward and Mann (1964) and Boyce and Ha-
ward (1997). The thermal energy input activates the plastically stored energy in the material possessing an entangled net-
work structure. For this reason, it is common practice to model the post-yield strain hardening by using network models that
provide a bridge between micro and macro deformations through particular kinematical assumptions. To this end, we con-
sider two network models, the eight chain model of Arruda and Boyce (1993b) and the non-afﬁne micro-sphere model of Miehe
et al. (2004), see also Miehe and Göktepe (2005) and Göktepe and Miehe (2005) for the extensions to ﬁnite rubber inelas-
ticity. In contrast to the afﬁne network models, such as the three chain model of James and Guth (1943) and Wang and Guth
(1952), and the afﬁne full network model of Treloar (1946) and Treloar and Riding (1979), these non-afﬁne network models
deﬁne a single deformation measure for the whole polymer network. The superiority of the non-afﬁne models to the models
based on afﬁne kinematics becomes more transparent as the plane strain and biaxial deformation states are considered be-
sides the uniaxial stress state, see Arruda and Boyce (1993a), Wu and van der Giessen (1993), Miehe et al. (2004), Boyce and
Arruda (2000), and Marckmann and Verron (2006)) for a review.
The plastic network free energy modeling the post-yield hardening is speciﬁed in the non-Gaussian form in terms of the
network plastic stretch kp ¼ k^pðepÞFig. 4.
(b) thewp ¼ w^pðkpÞ ¼ lpNp kprL1ðkpr Þ þ ln
L1ðkpr Þ
sinhL1ðkpr Þ
 !
; ð28Þwhere lp, Np are the material parameters standing for the plastic shear modulus and the number of segments in a polymer
chain, respectively. The function L1 denotes the inverse of the well-known Langevin function deﬁned by
LðÞ :¼ cothðÞ  1=ðÞ. The parameter Np controls the limited extensibility range of chains through the relative plastic network
stretch deﬁned by kpr :¼ kp=
ﬃﬃﬃﬃﬃﬃ
Np
p
. For the particular form of w^p in (28), the back stresses can be readily computed by (23)2b :¼ oepwpðkpÞ ¼ wp0oep k^p; ð29Þ
where wp
0
:¼ okpwp ¼ lpkpð3Np  kp2Þ=ðNp  kp2Þ. In the derivation of wp
0
, we employed the Padè approximation of the inverse
Langevin functionL1ðkpr Þ  kpr ð3Np  kp2Þ=ðNp  kp2Þ as proposed by Cohen (1991). Before specifying the functional depen-
dency of the plastic network stretch on the plastic strain tensor ep for the respective network models, we introduce the ref-
erence plastic metric in the inverse form of (7)2Gp :¼ exp½2ep ¼
X3
A¼1
kp2A n
p
A  npA ð30Þbeing co-axial to the plastic strain tensor ep ¼P3A¼1pAnpA  npA with pA :¼ ln kpA.
In the eight chain model, the plastic stretch of a chain extending from the center of a plastically deformed rectangular
prism having the edges oriented in the principal plastic directions npA is assumed to be representative for the whole polymer
network, see Fig. 4a. Thus, the plastic network stretch of the eight chain model kpec is obtained in terms of the ﬁrst invariant of
the reference plastic metric Gpkpec :¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
3
tr½Gp
r
: ð31ÞOne of the basic ideas proposed in the non-afﬁne micro-sphere model was the introduction of a ﬁeld of stretch ﬂuctuations f
deﬁned on the micro-sphere S of space orientations, see Fig. 4b. This ﬂuctuation ﬁeld multiplicatively links the micro-
stretch k of the single chain to the line-stretch k of the continuum in the format k ¼ kf . The ﬂuctuation ﬁeld fwas determinedPolymer network models employed for modeling the post-yield kinematic hardening. (a) The eight chain model of Arruda and Boyce (1993b) and
non-afﬁne micro-sphere model of Miehe et al. (2004).
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Ponte Castañeda and Suquet (1998), Miehe et al. (2002b), and Miehe (2003). The minimization principle is assumed to be
constrained by a m-root averaging condition, yielding a closed-form result for the non-afﬁne network stretchFig. 5.
mechankpms :¼
1
jSj
Z
S
ðkpÞmdA
 1=m
¼ hðkpÞmi1=m; ð32Þwhere m > 0 is considered as an additional material parameter that describes the non-afﬁne stretch characteristics. The af-
ﬁne plastic stretches kp in the direction of the Lagrangean unit vectors r are determined bykp :¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r  Gpr
p
; ð33Þwhere the orientation of the Lagrangean unit vectors is governed by spherical coordinates
rðu; #Þ ¼ cosu sin#e1 þ sinu sin#e2 þ cos#e3 in a ﬁxed standard Cartesian frame feigi¼1;2;3 with u 2 Du :¼ ½0;2p and
# 2 D# :¼ ½0;p, see Fig. 4b. Notice that for a special choice of m ¼ 2, this model recovers the eight chain model as a special
case due to the identity hr  ri ¼ ð1=3Þ1.
Having the respective plastic network stretches deﬁned in (31) and (32), we can proceed with the determination of the
tensorial part of the back stresses oep k^p introduced in (29). For the eight chain model, we have
kp2ec ¼ ð1=3Þtr½Gp ¼
P3
A¼1ð1=3Þ exp½2pA. Making use of the result oeppA ¼ npA  npA, we obtainoepk
p
ec ¼
X3
A¼1
exp2pA
3kpec
npA  npA ¼ ð3kpecÞ1Gp ð34Þthat yields the closed-form expression for the back stressesbec ¼ l^pecðkpecÞGp ð35Þ
where l^pecðkpecÞ :¼ lpð3Np  kp2ec Þ=ð3ðNp  kp2ec ÞÞ. In order to compute the explicit form of the back stresses for the micro-sphere
model, we determine oGpkp ¼ r  r=ð2kpÞ and oGpkpms ¼ ððkpmsÞ1m=2ÞhðkpÞm2r  ri. Incorporation of these results in (29) leads
us tobms ¼ l^pmsðkpmsÞhðkpÞm2r  ri : Pp; ð36Þ
where l^pmsðkpmsÞ :¼ lpkpð2mÞms ð3Np  kp2msÞ=ð2ðNp  kp2msÞÞ and Pp :¼ oepGp.
3.2.3. The ﬂow rule based on the double-kink theory
As discussed in Section 1.2, the viscoplastic ﬂow of amorphous glassy polymers is a thermally activated stochastic process
the rate of which _cp is conventionally described by the Arrhenius-type equation _cp ¼ _co expðDGf =khÞ being proportional to
the Boltzmann factor expðDGf =khÞ. In the present model, we conceptually follow the well-accepted double-kink theory of
Argon (1973) based on the wedge disclinations, see Fig. 5a. In this approach, the plastic ﬂow is considered as a rotation
of small polymer molecule segments from their initial randomly oriented, ﬂexed state to the principal deformation direction.
In order to compute the activation energy, the reverse process is modeled by the formation of a kink pair resisted both by
intra- and intermolecular oppositions. At temperatures, well below the glass transition temperature, the intermolecular
resistance due to the elastic interaction between a disclination loop and neighboring chains governs the major part of the
overall activation energy necessary for the formation of a double kink.
The activation energy to be surmounted is determined by subtracting the amount of work DW done by externally applied
effective shear stress s from the free energy DF stored during formation of a pair of disclination loops in the surrounding
medium, see Fig. 5b. The total micro-free energy DF was already computed in Li and Gilman (1970) where they employeda b
Double-kink theory of Argon (1973). (a) Formation of a molecular double-kink by a pair of wedge disclination loops. (b) Reverse plastic ﬂow
ism by formation of a pair of kinks in a polymer molecule embedded in a surrounding elastic matrix, see also (Li and Gilman, 1970).
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tions have then been used for determining the far stress ﬁeld over the domain. The strain energy could be estimated by inte-
grating the stress ﬁeld rzz outside the disclination loop. This yields a free energy DFsing ¼ 3pa3lx2=ð32ð1 mÞÞ for a single
disclination loop. Apparently, there exists a negative interaction energy due to the integration of the stress ﬁeld of one dis-
clination loop over another. The interaction energy between two disclination loops having the same strengthx and cylinder
radius a gets the form DFinte ¼ 9px2a8=ð8ð1 mÞz5Þ. The overall free energy stored due to the two wedge disclinations sur-
rounded by the elastic medium with the shear modulus l and the Poisson’s ratio m is then
DF ¼ 2DFsing  DF inte ¼ 3pa3lx2=ð16ð1 mÞÞ  9px2a3=ð8ð1 mÞÞða=zÞ5. When a pair of dislination loops is formed, the rota-
tionx yields a compressive strain ﬁeld proportional to zð1 cosxÞ. The amount of work done by the externally applied con-
stant shear stress is determined via incompressibility assumption DW ¼ pa3x2sðz=aÞ. The amount of the activation free
enthalpy can then be expressed by combining these resultsDGf ¼ DF  DW ¼ 3pa
3lx2
16ð1 mÞ 
9px2a3
8ð1 mÞ
a
z
 5
 pa3lx2 s
l
 
z
a
 
: ð37ÞIt can be immediately seen that DGf does not contain any exteremum inx, but in the z coordinate due to the assumption that
intermolecular interactions are dominating compared to the intramolecular ones. Setting the derivative of the activation free
enthalpy with respect to the ratio z=a to zero yields ðz=aÞ ¼ ½45l=ð8sð1 mÞÞ1=6, and its insertion into (37) givesDGf ¼
3lpa3x2
16ð1 mÞ 1
s
s0
 5=6" #
ð38Þwhere the athermal shear strength deﬁned by s0 :¼ 0:077l=ð1 mÞ. Use of this result in the Arrhenius equation
_cp ¼ _co expðDGf =khÞ leads us to the ﬂow rule_cp :¼ _co exp Ash 1
s
~s
n o5=6  
ð39Þwhere s :¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
J2ðdev½rIÞ
p
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dev½rI : dev½rI=2
p
and _co, A ¼ 39px2a3=16k are the material parameters. In (39), the athermal
shear strength is taken to be different from s0 in the original theory (Argon, 1973). In order to account for the pressure depen-
dency of yielding as well as the succeeding true stress softening, we replace the original athermal shear strength s0 with
~s :¼ sþ ap where a is a new material parameter controlling the pressure sensitivity of the yield stress. Its value ranges from
0.1 to 0.2 for most of glassy polymers, see e.g. Rabinowitz et al. (1970) and Bowden and Jukes (1972). The stress softening is
incorporated by employing the phenomenological evolution rule for s proposed by Boyce et al. (1988)_s ¼ hð1 s=sssÞ _cp with sð0Þ ¼ s0; ð40Þ
where h, s0 an sss denote the additional material parameters describing the slope of the softening, initial and steady state
values of the athermal shear strength s, respectively.
Box 1: Algorithmic update of the plastic strains1. Data Base. The history data fepn; sn; _cpn; png and the current total strain e are given.
2. Explicit Update of the Athermal Shear Strength.~s ¼ sn þ Dt hð1 sn=sssÞ _cpn þ apn:
3. Implicit Update of the Plastic Strains.
i) Set k ¼ 0 and initialize epjk¼0  epn
ii) Compute the dependent variables_cpð39Þ; rð23Þ1; bð23Þ2; rIð24Þ;sð39Þ2 and Nð42Þ2
iii) Compute the residual and its norm
r :¼ ep  epn  Dt _cpN; krk :¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r : r
p ð45Þ
iv) Compute the local tangent a :¼ oepr (54)
v) Update plastic strains ep  ep  a1 : r
vi) Convergence check: If krkP tol, k kþ 1 goto ii) else continue with 4.
4. Store the history variables and proceed with the Consistent Moduli.
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Dt :¼ tnþ1  tn within a typical time interval ½tn; tnþ1. All state variables at time tn are given and in what follows indicated
by the subscript n.
3.3.1. Update of internal variables
The update of the plastic strain tensor ep and the athermal shear strength s is carried out by means of an algorithm that
integrates the evolution equations (25) and (40) in the time interval. Here, we employ a fully explicit numerical integration
scheme for the update of s through (40) and a fully implicit update scheme for ep via (25). The update of the athermal shear
strength then gets the forms ¼ sn þ Dt _sn ¼ sn þ Dt hð1 sn=sssÞ _cpn and ~s ¼ sþ apn: ð41Þ
Owing to the explicit update of the athermal shear strength ~s, hereafter it can be treated as a constant in the expressions
containing ~s. Use of the backward Euler update for ep leads us to the formep ¼ epn þ Dt _cpN with N :¼
dev½rI
kdev½rIk : ð42ÞThis update equation of the plastic strains is non-linear due to implicit dependencies of _cp and N on the current value of ep.
For this reason, a local Newton-type iterative update scheme has to be devised. The details of this conventional iterative
method are outlined in Appendix. Basic steps of the algorithm are listed in Box 1 as well.
3.3.2. Algorithmic tangent moduli
In a typical implicit ﬁnite element analysis of a non-linear boundary value problem, global Newton-type iterative
schemes necessitate the computation of the tangent moduli Ealgo being consistent with the numerical scheme used for
the update of the internal variables. The consistent tangent moduli are deﬁned as the sensitivity of the stress tensor to
the conjugate logarithmic strain tensorEalgo ¼ der ¼ Ee  2loeep; ð43Þ
where Ee :¼ oer ¼ j1 1þ 2lP, P :¼ I ð1=3Þð1 1Þ and I denotes the symmetric fourth-order identity tensor. The details
of the computation of the sensitivity of the plastic strain tensor ep to the total strain tensor e has been discussed in Appendix.
Incorporation of the result (59) in (43) yieldsEalgo ¼ Ee  2Dtla1 : h : ce: ð44Þ4. Illustrative numerical examples
This section is devoted to the assessment of the modeling capacity of the proposed approach by comparing its results to
homogeneous as well as inhomogeneous experimental data. The homogeneous test data involve the true stress–true strain
curves obtained from experiments conducted under different deformation rates and states on PMMA and PC. While the ten-
sile stress–strain diagrams of the former are taken from the literature, Hope (1980), the compressive uniaxial and plane
strain experiments on PC have been newly carried out. The results of both are then used for the identiﬁcation of the adjust-
able material parameters. In addition to the homogeneous experiments on PC, a three-dimensional cold drawing of a dumb-
bell-shaped test piece, already depicted Fig. 1, was carried out. The data acquired from the inhomogeneous experiment
contain not only the load–displacement diagram but also the three-dimensional surface strain ﬁelds. These results are com-
pared with the ﬁnite element analysis of the cold drawing problem with the model parameters identiﬁed from the homo-
geneous experiments.
4.1. Investigations on homogeneous deformation states
As discussed in Section 1.1, the mechanical behavior of glassy polymers depends on many factors that involve loading
rate, temperature, deformation state. In this section, we focus on the examples that particularly illustrate the rate and defor-
mation state dependence of the stress–strain response of PMMA and PC, respectively.
The ﬁrst set of experimental data, presented in Fig. 6a, was reported by Hope (1980). The data exhibit the rate-dependent
tensile true stress–strain behavior of PMMA under different loading rates at h ¼ 90 C. In order to investigate the rate-depen-
dent behavior of PMMA, they employed waisted specimens with 5 mmwaist width. These test pieces were then subjected to
extension at different constant cross-head speeds. During the deformation, the lateral contraction of each specimen was re-
corded so that they were able to compute the true stress–strain curves for each constant cross-head speed but with varying
true strain rate. Employing numerical differentiation and interpolation techniques on these data, they could extract the true
stress–strain diagrams for the different true strain rates. Although it is a well known fact that the deformation of PMMA at
a b
Fig. 6. Rate and deformation state dependencies in mechanical response of PMMA and PC. (a) True stress–true strain diagrams corresponding to the
uniaxial tensile tests conducted at three different rates at h ¼ 90 C. The set of material parameters used in the simulations are j ¼ 2633 MPa,
l ¼ 1003 MPa, lp ¼ 4:7 MPa, Np ¼ 3:5, _c0 ¼ 1:13	 1011 s1, A ¼ 167 K/MPa, h ¼ 250 MPa, s0 ¼ 90 MPa, sss ¼ 76 MPa, a ¼ 0:2. (b) True stress–true strain
diagrams of the uniaxial and the plane strain compression experiments carried out at true strain rate _ln k ¼ 1	 104 s1 at room temperature. The set of
material parameters used in the simulations are j ¼ 2000 MPa, l ¼ 900 MPa, lp ¼ 11:5 MPa, Np ¼ 2:35, _c0 ¼ 6:24	 107 s1, A ¼ 140 K/MPa, h ¼ 500 MPa,
s0 ¼ 102 MPa, sss ¼ 82 MPa, a ¼ 0:11.
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et al. (1995), these thermal changes and consequently softening in the post-yield behavior of the material are not reﬂected in
these data. Nevertheless, since the data clearly exhibit the rate dependence of the material response, they were already em-
ployed in the literature, e.g. Boyce and Haward (1997) and Boyce et al. (1988). Here, we also tested the model response
against these data. The simulations at three different rates of true strain are plotted together with the corresponding test
results in Fig. 6a. In the simulation of these data, the back-stress response is modeled by the eight-chain model. The values
of the material parameters used in the simulations are given in the caption of Fig. 6. The elastic material parameters j;l and
the values of A; _c0 and awere taken to be close to the values reported in the literature (Boyce et al., 1988; Arruda et al., 1995)
and kept frozen during the identiﬁcation. The parameters governing the yield stress and the stress softening behavior
s0; sss;h, and the post-yield hardening lp;Np, however, were adjusted by ﬁtting the experimental curves. The comparison
shows the fairly good predictive capabilities of the proposed formulation in simulating the tensile stress–strain response
of PMMA at different strain rates.
The uniaxial and plane strain compression experiments on polycarbonate (PC) samples depicted in Fig. 6b aim at present-
ing the deformation state dependence of the material response. The ductile PC is produced by Bayer AG in Leverkursen under
a commercial nameMakrolon 2607. Both experiments were conducted at a constant true strain rate _ln k ¼ 1	 104 s1 on a
MTS servohydraulic uniaxial testing machine at room temperature. The rate of deformation was purposely selected to be
slow enough to suppress the temperature increase due to dissipative heating. For the compressive uniaxial experiments,
cylindrical PC specimens having a 8 mm diameter and a 8 mm height were employed. In the case of plane strain compression
tests, however, cubic test pieces with an edge length of 8 mm were used. In both experiments particular attention has been
paid to the appropriate lubrication between the contact surfaces of the specimen and the steel platens of the test machine in
order to avoid the severe barreling appearing due to the friction developing under compression. For this purpose, a combi-
nation of Teﬂon ﬁlm (solid lubricant) and commercial oil-based lubricant, WD-40, was employed as recently suggested in
Dupaix and Boyce (2005). A drop of liquid lubricant was deposited between the lower metal plate and a Teﬂon ﬁlm and also
on the Teﬂon ﬁlm itself. The PC sample was then placed on the ﬁlm. The same procedure was repeated on the contact surface
of the sample with the upper metal platen of the machine. This method eliminated the friction-induced barreling and al-
lowed us to retain a macroscopically homogeneous shape of the test pieces throughout the tests.
Experimental results presented in Fig. 6b illustrate the typical yielding, stress softening and post-yield strain hardening
behavior of glassy polymers under compression. As is commonly applied, the value of true stress was determined based on
the incompressibility assumption. The deformation state dependence of the material response especially with regard to the
yield stress and the post-yield strain hardening is in agreement with the observations reported in the literature, see for
example Arruda and Boyce (1993a). The higher value of the yield stress encountered in the plane strain compression com-
pared to the uniaxial compression is due to the excessive constraining boundary conditions in the plane strain deformation
state and the pressure dependency of the yield stress, see Spitzig and Richmond (1979). In the case of plane strain compres-
sion chain molecules have a freedom to plastically align in only one direction. In the uniaxial compression, however, they can
freely orient themselves symmetrically in the plane perpendicular to loading axis. If we consider those as nearly incompress-
ible deformations, the chains aligning in a single direction in the plane strain compression state have to elongate more than
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post-yield response and consequently evolution of anisotropy.
A further aim of the homogeneous tests on PC samples was the determination of the material parameters to be used in
ﬁnite elements analysis of the cold drawing example on the same material partially presented in Sections 1.1 and 4.2. During
the identiﬁcation of the model parameters, we followed a way analogous to the one employed for the parameters of the data
in Fig. 6a. The values of the model parameters given in the caption of Fig. 6 were ﬁrst determined for the model based on the
eight chain model kinematics, i.e. m ¼ 2 for the micro-sphere model. The comparison of the simulations against the exper-
imental results in Fig. 6b clearly shows that the proposed approach in the logarithmic strain space is able to capture the
deformation state dependence of the yield stress and the post-yield hardening very well. Apart from the ﬁttings based on
the eight chain model (solid line), the effect of the non-afﬁnity parameter m of the micro-sphere model on the post-yield
response is also investigated. The value of m is varied from m ¼ 2 to m ¼ 1:5, 2.5. The larger the value of m, the stiffer
the post-yield material behavior gets, see Fig. 6b. This provides an additional degree of freedom that serves to improve
the post-yield ﬁttings. Observe that the quality of the post-yield hardening simulation in the both uniaxial and plane strain
cases has been slightly improved for the values of the non-afﬁnity parameter m greater than 2.
4.2. Cold drawing of a dumbbell-shaped PC specimen
In addition to the evaluation of the proposed approach with respect to the homogeneous experiments presented in the
preceding section, we further test the capabilities of the proposed model with the parameters determined based on the
homogeneous experiments against a three-dimensional cold drawing experiment. To this end, we consider a dumbbell-
shaped PC test piece whose geometry is speciﬁed according to ISO 527 and also depicted in Fig. 7. The compressive uniaxial
and plane strain stress–strain response of the material of interest is presented in Fig. 6b. The inhomogeneous tension exper-
iment was carried out at a cross-head speed _u ¼ 2 mm/min and analyzed with the optical measuring system called Aramis.Fig. 7. Geometry, boundary conditions and ﬁnite element discretization of the dumbbell-shaped polycarbonate test piece subjected to extension in the x-
direction at the deformation rate _u ¼ 2 mm/min. All dimensions are given in millimeters.
Fig. 8. Simulation of the load–displacement curve of a dumbbell-shaped PC specimen subjected to extension at a cross-head speed _u ¼ 2 mm/min. The set
of material parameters were determined based on the homogeneous uniaxial and plane strain compression experiments shown in Fig. 6b.
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Fig. 9. Thickness change computations obtained by the three-dimensional ﬁnite element analysis (ﬁrst and second columns) are compared with their
corresponding inhomogeneous experimental results (third column). The labels of the rows (a)–(f) indicate the deformation stages labeled with the same
letters in Figs. 1 and 2. In the FE analysis, the same material parameters as those given in Fig. 6b have been used.
196 C. Miehe et al. / International Journal of Solids and Structures 46 (2009) 181–202The load–displacement diagram and the characteristics of the deformation process have been discussed in detail in Section
1.1. For the successful recognition of the three-dimensional surface of the specimen and its deformation via the grating
method, the specimen must be coated in a speciﬁc manner depending on the kind of material to be tested. In the case of
the transparent PC under the current investigation a suitable treatment for the surface is the dense-spraying of standard
white glossy coating ﬁrst, and next, while the former is still fresh, a more sparsely sprayed layer of matte graphite-based
paint is superimposed. Once the specimen is prepared in this manner the test must be carried out immediately so that
the paint does not fully dry and remains deformable throughout the experiment as depicted in Fig. 2. This will provide
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Fig. 10. Contour plots of the equivalent plastic strain kepk½ (left column) and the amount of plastic ﬂow _cp [s1] (right column) at the stages (a)–(h) as
denoted in Fig. 1.
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inhomogeneous three-dimensional strain ﬁeld on the material. This is achieved by the use of a measuring arrangement with
two CCD cameras. During the experiment the software acquires images with both cameras simultaneously allocating coor-
dinates to every pixel on them. As a post-process the pixels of the recorded images are matched via mathematical transfor-
mations, see (Ritter, 1989). Once this has been done for the initial set of images, the process is repeated for the rest of the
recorded stages of the deformation. From the difference of the coordinates of the pixels from the reference measurement to
the others the displacement vectors are obtained. For further details on the grating method and the system Aramis, the read-
er is referred to Winter (1993), Bergmann and Ritter (1999) and ARAMIS User Manual (2001).
c d e
Fig. 11. Stereographic projection plots of the plastic stretch kp (33) corresponding to the three stages (c), (d) and (e) of the deformation are plotted along
with the macroscopic equivalent plastic strain contours at the depicted material points.
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cretization of its geometry are depicted in Fig. 7. Owing to the apparent symmetries in its geometry, in the FE model of
the specimen only its one quarter is discretized by 3750 eight-node Q1P0 mixed brick elements. While the end of the spec-
imen at x ¼ 0 mm is being ﬁxed in all three directions, the degrees of freedom in y- and z-directions on its other end are
restrained and the deformation in x-direction uðtÞ is prescribed, see Fig. 7. Boundary conditions on the common facets with
other quarters are governed by apparent geometrical symmetry conditions. The whole test piece is subjected to an extension
at a cross-head speed _u ¼ 2 mm=min at room temperature. In order to attain the neck initiating at the same place with the
experiments, a slight geometrical imperfection at the end of the gauge section is imposed. The simulation of the global load–
displacement response of the ﬂat coupon extension is depicted in Fig. 8 in comparison with the experimental result. Char-
acteristic features of the experimental load–displacement curve, which are discussed in detail in Section 1, are traced very
well by the proposed model in the logarithmic strain space. Observe that the proposed model captures not only the load-
level where the macro-yield occurs but also the amount of softening and the location of stress hardening where the neck
reaches the end of the gauge section with the parameters determined from homogeneous compression experiments. This
clearly justiﬁes the procedure followed in identifying the model parameters and shows the multi-dimensional characteris-
tics of the model.
In addition to the load–displacement diagram depicted in Fig. 8, the contour plots in Fig. 9 compare the ﬁeld of thickness
change during the cold drawing. The results obtained from the FE analysis (ﬁrst and second columns) are compared with the
measurements conducted by the optical measurement facility (third column). The labels of the rows (a)–(f) in Fig. 9 indicate
the deformation stages corresponding to the levels labeled with the same letters as in Figs. 1 and 2. The ﬁeld of thickness
change up to the macro-yield, stages (a) and (b), is homogeneous throughout the test piece. The thickness change starts
to localize in the softening branch between the load levels (b) and (d). It reaches the maximum value of 25% at stage (e)
and is driven by the neck front along the gauge section. The computational results of the thickness change at almost all defor-
mation stages quantitatively agree with the optical measurements. These quantitative results obtained from the simulation
of the multi-axial inhomogeneous experiment once more indicate the validity of the proposed model.
The contour plots in Fig. 10 present the distributions of the equivalent plastic strain kepk and the amount of plastic ﬂow _cp
on the left and the right columns, respectively. The labels of the rows (a)–(f) indicate the deformation stages corresponding
to the levels labeled with the same letters as in Fig. 1. Although there is no geometrically apparent neck at the maximum load
level (b), plastic ﬂow starts to localize at the succeeding stage (c) at the location where the slight initial geometrical imper-
fection has been assigned. The stage d) with the lowest post-yield load value corresponds to the stabilized state of the neck
where the maximum plastic ﬂow rate has been already achieved. At this stage the localized zone starts to separate at oppo-
site directions drawing the shoulders of the neck towards the grips. The states (e),(f) and (g) illustrate the different degrees of
the neck propagation where the progressive drawing of the material has been clearly exhibited. Owing to the unsymmetric
initiation of the neck along the specimen, its propagation towards the right grip did not last as long as in the case of move-
ment to the left end. When the neck shoulder reach the end of the gauge section, load deﬂection curve gets stiffer, stage (h).
The contour plots of the equivalent plastic strain ﬁeld for the deformation stages (c)–(e) are repeated in Fig. 11 together
with the stereographic projection plots of the plastic stretch kp introduced in (33). The close-up pole ﬁgures of the plastic
stretch corresponding to the indicated material points clearly depict the variation of its distribution and also the evolution
of its intensity during the stages of neck stabilization and its propagation.
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We have developed a new constitutive model describing the ﬁnite viscoplastic deformation of ductile glassy polymers.
The kinematical setting of ﬁnite viscoplasticity was laid out in the logarithmic strain space framed by purely geometric mod-
el-independent pre- and post-processing steps. This allowed us to construct the complete model within the framemork akin
to the geometrically linear theory. To our best knowledge, this is the ﬁrst complete formulation of ﬁnite viscoplasticity of
glassy polymers in the logarithmic strain space. For the modeling of the post-yield hardening both the eight chain model
and the newly proposed non-afﬁne micro-sphere models were considered and compared with respect to experimental data.
The details of the three-dimensional implicit algorithm employed for the update of plastic stains were outlined in detail. In
addition to the modeling and algorithmic aspects, new experimental data based on both homogeneous and inhomogeneous
tests were reported. Besides the true stress-stain curves obtained from the homogeneous experiments on polycarbonate
specimens, the load–displacement diagram and the three-dimensional optical surface strain ﬁeld measurements were pre-
sented. The proposed model was shown to be able to successfully capture various phenomena exhibited by glassy polymers.
The constitutive model with the material parameters identiﬁed from homogeneous compression experiments was further
compared with the results of the inhomogeneous tests. The results obtained indicate the outstanding performance of the
proposed model and its high suitability for the FE analyses of boundary value problems.
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Appendix. Algorithmic setting of the constitutive model
A.1. Implicit update of plastic strains
In Section 3.3.1, we chose a fully implicit update scheme (42) for plastic strains ep. In order to start with the iterative
scheme, we ﬁrst introduce a non-linear residual function r of the plastic strain tensor for a frozen deformation state e at time
tnþ1:rðepÞ :¼ ep  epn  Dt _cpN ¼ 0: ð45Þ
The linearization of the residuum r is carried out at kth step of the Newton iteration about epk :LinrðepÞjep
k
¼ rðepkÞ þ ak : Dep ¼ 0; ð46Þwhere the local tangent of the Newton iteration is deﬁned asak :¼
orðepkÞ
oep
: ð47ÞThe update equation for ep at the kth step is then obtained by solving (46) for epep  epk  a1 : rðepkÞ: ð48Þ
The local tangent a is computed by inserting the residual (45) into (47)a ¼ I Dth : oepdev½rI; ð49Þ
where we introduced the fourth-order tensor h deﬁned byh :¼ oð _c
pNÞ
odev½rI ¼ ða1Iþ a2N  NÞ ð50Þwith the coefﬁcientsa1 :¼
_cp
kdev½rIk and a2 :¼ a1
5
6
As
h
s
~s
n o5=6
 1
 
:For a frozen state of the total strain tensor e, we haveoepdev½rI ¼ oepdev½r  oepdev½b ¼ ðce þ cpÞ; ð51Þ
where ce :¼ oedev½rjep ¼ oepdev½rje ¼ 2lP and cp :¼ oepdev½b. Insertion of these results into (49) yieldsa ¼ Iþ Dth : ðce þ cpÞ: ð52Þ
The explicit form of cp directly depends on the network model employed for modeling the back stresses b. For the sake of
brevity, we here consider cp corresponding only to the eight chain model. To this end, we retrieve the deﬁnition of back
stresses in (35) and recast it into the spectral form of a tensor-valued isotropic function of the plastic strains
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X3
A¼1
b0An
p
A  npA; ð53Þwhere b0A :¼ bA  13
P3
B¼1bB denote the eigenvalues of the deviatoric back stress tensor with bA ¼ l^pecðkpecÞ expð2pAÞ and npA
stand for its eigenvectors. Having introduced the spectral form of dev½bec, its derivative with respect to ep can be obtained
bycp :¼ oepdev½bec ¼
X3
A¼1
X3
B¼1
c0ABm
p
A mpB þ
X3
A¼1
X3
B–A
1
2
b0A  b0B
pA  pB
ðgAB þ gBAÞ; ð54Þwhere mpA :¼ npA  npA, gijklAB :¼ mikAmjlB þmilAmjkB . In the spectral form of cp, the coefﬁcients c0AB under the ﬁrst summation are de-
ﬁned by c0AB :¼ cAB  13
P3
K¼1cKB where cAB stand for the derivatives of the principal backstresses bA with respect to the plastic
eigenstrains pB. Their explicit form is readily determined from the deﬁnition of the principal backstresses bKcKL :¼ opL bK ¼
l^p0ecðkpecÞ
3kpec
expð2pKÞ expð2pL Þ þ 2l^pecðkpecÞ expð2pKÞdKL; ð55Þwhere l^p0ecðkpecÞ :¼ okpec l^
p
ec ¼ 4lpðkpec  NpÞ=ð3ðNp  kp2ec Þ2Þ and dAB denotes the Kronecker delta. Observe that the spectral form of
cp does not incorporate the cases where the equal eigenvalues lead to singularities in the second term of (54). For the treat-
ment of these cases by limits and further details concerning representations in the eigen-space, the reader is referred to Og-
den (1984), Šilhavy´ (1997), Miehe and Lambrecht (2001) among others.
A.2. Sensitivity of ep with respect to e
Use of a stable implicit scheme for the update of internal variables allows one to use larger time steps. Computation of the
consistent tangent moduli, however, requires the sensitivity of strain-like internal variables to a total strain measure. For the
present case, the sensitivity of ep to e can be computed from the persistency condition implying the steady fulﬁllment of
vanishing residuum deﬁned in (45). Therefore, the total derivative of the residuum must also be zero at any instant of
the deformation, i.e.der ¼ oerjep þ oeprje : oeep ¼ 0: ð56Þ
The left contractor of the second term is the local tangent oeprje ¼ a that has been already computed in the last local Newton
iteration step in (52). The desired derivative can then be obtained from the condition (56) asoeep ¼ a1 : oerjep : ð57Þ
Recalling the deﬁnition of the residuum in (45), the derivative oerjep can be expressed in a form analogous to (49)oerjep ¼ Dth : ce; ð58Þ
where the tensor h has been already deﬁned in (50). Finally, the insertion of (58) into (57) leads us to the desired sensitivityoeep ¼ Dta1 : h : ce: ð59ÞReferences
Anand, L., Ames, N.M., 2006. On modeling the micro-indentation response of an amorphous polymer. International Journal of Plasticity 22, 1123–1170.
Anand, L., Gurtin, M.E., 2003. A theory of amorphous solids undergoing large deformations, with application to polymeric glasses. International Journal of
Solids and Structures 40, 1465–1487.
ARAMIS User Manual, 2001. Deformation measurement using the grating method. GOM mbH, Braunschweig.
Argon, A.S., 1973. A theory for the low-temperature plastic deformation of glassy polymers. The Philosophical Magazine 28, 839–865.
Argon, A.S., Bessonov, M.I., 1977. Plastic deformation in polyimides, with new implications on the theory of plastic deformation of glassy polymers.
Philosophical Magazine 35, 917–933.
Arruda, E.M., Boyce, M.C., 1993a. Evolution of plastic anisotropy in amorphous polymers during ﬁnite straining. International Journal of Plasticity 9, 697–
720.
Arruda, E.M., Boyce, M.C., 1993b. A three-dimensional constitutive model for the large stretch behavior of rubber elastic materials. Journal of the Mechanics
and Physics of Solids 41, 389–412.
Arruda, E.M., Boyce, M.C., Jayachandran, R., 1995. Effects of strain rate, temperature and thermomechanical coupling on the ﬁnite strain deformation of
glassy polymers. Mechanics of Materials 19, 193–212.
Bergmann, D., Ritter, R., 1999. 3D deformation measurement in small areas based on grating method and photogrammetry. In: GOM User Meeting.
Bowden, P.B., 1973. Introduction. In: Haward, R.N. (Ed.), The Physics of Glassy Polymers, ﬁrst ed. Applied Science Publishers, London, pp. 279–339 (Chapter
5).
Bowden, P.B., Jukes, J.A., 1972. The plastic ﬂow of isotropic polymers. Journal of Materials Science 7, 52–63.
Bowden, P.B., Raha, S., 1970. The formation of micro shear bands in polystyrene and polymethylmethacrylate. The Philosophical Magazine 22, 463–482.
Boyce, M.C., Arruda, E.M., 2000. Constitutive models of rubber elasticity: a review. Rubber Chemistry and Technology 73, 504–523.
Boyce, M.C., Arruda, E.M., Jayachandran, R., 1994. The large strain compression, tension, and simple shear of polycarbonate. Polymer Engineering and
Science 34, 716–725.
Boyce, M.C., Haward, R.N., 1997. The post-yield deformation of glassy polymers. In: Haward, R.N., Young, R.J. (Eds.), The Physics of Glassy Polymers, second
ed. Chapman & Hall, London, pp. 213–293 (Chapter 5).
C. Miehe et al. / International Journal of Solids and Structures 46 (2009) 181–202 201Boyce, M.C., Parks, D.M., Argon, A.S., 1988. Large inelastic deformation of glassy polymers. Part I: Rate dependent constitutive model. Mechanics of Materials
7, 15–33.
Boyce, M.C., Weber, G.G., Parks, D.M., 1989. On the kinematics of ﬁnite strain plasticity. Journal of the Mechanics and Physics of Solids 37, 647–665.
Bruhns, O.T., Xiao, H., Meyers, A., 2001. Constitutive inequalities for an isotropic elastic strain energy function based on hencky’s logarithmic strain tensor.
Proceedings of the Royal Society London A 457, 2207–2226.
Cohen, A., 1991. A Padé approximant to the inverse Langevin function. Rheological Acta 30, 270–273.
Coleman, B., Gurtin, M.E., 1967. Thermodynamics with internal state variables. The Journal of Chemical Physics 47, 597–613.
Crist, B., 1997. Yield processes in glassy polymers. In: Haward, R.N., Young, R.J. (Eds.), The Physics of Glassy Polymers, second ed. Chapman & Hall, London,
pp. 155–212 (Chapter 4).
Dupaix, R.B., Boyce, M.C., 2005. Finite strain behavior of poly(ethylene terephthalate) (pet) and poly(ethylene terephthalate)-glycol (petg). Polymer 46,
4827–4838.
Eyring, H.J., 1936. Viscosity, plasticity, and diffusion as examples of absolute reaction rates. The Journal of Chemical Physics 4, 283–291.
Göktepe, S., Miehe, C., 2005. A micro–macro approach to rubber-like materials. Part III: The micro-sphere model of anisotropic mullins-type damage. Journal
of the Mechanics and Physics of Solids 53, 2259–2283.
Govaert, L.E., Timmermans, P.H.M., Brekelmans, W.A.M., 2000. The inﬂuence of intrinsic strain softening on strain localization in polycarbonate: Modeling
and experimental validation. Journal of Engineering Materials and Technology 122, 177–185.
Green, A., Naghdi, P., 1965. A general theory of an elastic–plastic continuum. Archive for Rational Mechanics and Analysis 18, 251–281.
G’Sell, C., Hiver, J.M., Dahoun, A., Souahi, A., 1992. Video-controlled tensile testing of polymers and metals beyond the necking point. Journal of Materials
Science 27, 5031–5039.
G’Sell, C., Jonas, J.J., 1979. Determination of the plastic behaviour of solid polymers at constant true strain rate. Journal of Materials Science 14, 583–591.
Hasan, O.A., Boyce, M.C., 1995. A constitutive model for the nonlinear viscoelastic viscoplastic behavior of glassy polymers. Polymer Engineering and Science
35, 331–344.
Hasan, O.A., Boyce, M.C., Li, X.S., Berko, S., 1993. An investigation of the yield and postyield behavior and corresponding structure of poly(methyl
methacrylate). Journal of Polymer Science 31, 185–197.
Haward, R.N., Mann, J., 1964. Reinforced thermoplastics. Proceedings of the Royal Society London A 282, 120–134.
Haward, R.N., Murphy, B.M., White, E.F.T., 1971. Relationship between compressive yield and tensile behavior in glassy thermoplastics. Journal of Polymer
Science: Part A-2 9, 801–814.
Haward, R.N., Thackray, G., 1968. The use of a mathematical model to describe isothermal stress–strain curves in glassy thermoplastics. Proceedings of the
Royal Society London A 302, 453–472.
Hope, P.S.M.W.I.G.G.A., 1980. The hydrostatic extrusion polymethylmethacrylate. Journal of Materials Science 15, 2207–2220.
James, H.M., Guth, E., 1943. Theory of elastic properties of rubber. The Journal of Chemical Physics 11, 455–481.
Kröner, E., 1960. Allgemeine kontinuumstheorie der versetzungen und eigenspannungen. Archive for Rational Mechanics and Analysis 4, 273–334.
Lee, E.H., 1969. Elastic–plastic deformation at ﬁnite strain. ASME Journal of Applied Mechanics 36, 1–6.
Li, J.C.M., Gilman, J.J., 1970. Disclination loops in polymers. Journal of Applied Physics 41, 4248–4256.
Love, A.E.H., 1944. A Treatise on the Mathematical Theory of Elasticity, second ed. Dover, New York.
Lu, J., Ravi-Chandar, K., 1999. Inelastic deformation and localization phenomena in polycarbonate under tension. International Journal of Solids and
Structures 36, 391–425.
Mandel, J., 1972. Plasticitè Classique et Viscoplasticitè. Springer, Berlin.
Marckmann, G., Verron, E., 2006. Comparison of hyperelastic models for rubberlike materials. Rubber Chemistry and Technology 79, 835–858.
Marshall, I., Thompson, A.B., 1954. The cold drawing of high polymers. Proceedings of the Royal Society London A 221, 541–557.
Miehe, C., 1998a. A constitutive frame of elastoplasticity at large strains based on the notion of a plastic metric. International Journal of Solids and Structures
35, 3859–3897.
Miehe, C., 1998b. A formulation of ﬁnite elastoplasticity based on dual co– and contra–variant eigenvector triads normalized with respect to a plastic
metric. Computer Methods in Applied Mechanics and Engineering 159, 223–260.
Miehe, C., 2003. Computational micro-to-macro transitions for discretized micro-structures of heterogeneous materials at ﬁnite strains based on the
minimization of averaged incremental energy. Computer Methods in Applied Mechanics and Engineering 192, 559–591.
Miehe, C., Apel, N., 2004. Anisotropic elastic–plastic analysis of shells at large strains. A comparison of multiplicative and additive approaches to enhanced
ﬁnite element design and constitutive modelling. International Journal for Numerical Methods in Engineering 61, 2067–2113.
Miehe, C., Apel, N., Lambrecht, M., 2002a. Anisotropic additive plasticity in the logarithmic strain space: Modular kinematic formulation and
implementation based on incremental minimization principles for standard materials. Computer Methods in Applied Mechanics and Engineering 191,
5383–5425.
Miehe, C., Göktepe, S., 2005. A micro–macro approach to rubber-like materials. part ii: The micro-sphere model of ﬁnite rubber viscoelasticity. Journal of the
Mechanics and Physics of Solids 53, 2231–2258.
Miehe, C., Göktepe, S., Lulei, F., 2004. A micro–macro approach to rubber-like materials. Part I: The non-afﬁne micro-sphere model of rubber elasticity.
Journal of the Mechanics and Physics of Solids 52, 2617–2660.
Miehe, C., Lambrecht, M., 2001. Algorithms for computation of stresses and elastic moduli in terms of Seth-Hill’s family of generalized strain tensors.
Communications in Numerical Methods in Engineering 17, 337–353.
Miehe, C., Schotte, J., Lambrecht, M., 2002b. Homogenization of inelastic solid materials at ﬁnite strains based on incremental minimization principles.
application to the texture analysis of polycrystals. Journal of the Mechanics and Physics of Solids 50, 2123–2167.
Naghdi, P., 1990. A critical review of the state of ﬁnite plasticity. Journal of Applied Mathematics and Physics (ZAMP) 41, 315–394.
Ogden, R.W., 1984. Non-linear elastic deformations. Ellis Horwood, Chichester.
Papadopoulos, P., Lu, J., 1998. A general framework for the numerical solution of problems in ﬁnite elasto-plasticity. Computer Methods in Applied
Mechanics and Engineering 159, 1–18.
Papadopoulos, P., Lu, J., 2001. On the formulation and numerical solution of problems in anisotropic ﬁnite plasticity. Computer Methods in Applied
Mechanics and Engineering 190, 4889–4910.
Ponte Castañeda, P., Suquet, P., 1998. Nonlinear composites. Advances in Applied Mechanics 34, 171–303.
Rabinowitz, S., Ward, I.M., Parry, J.S.C., 1970. The effect of hydrostatic pressure on the shear yield behaviour of polymers. Journal of Materials Science 5, 29–
39.
Raha, S., Bowden, P.B., 1972. Birefringence of plastically deformed poly(methyl methacrylate). Polymer 13, 174–183.
Rider, J.G., Hargreaves, E., 1969. Yielding of oriented poly(vinyl chloride). Journal of Polymer Science 7, 829–844.
Ritter, R., 1989. Rasterverfahren. In: Rohrbach, C. (Ed.), Handbuch für Experimentelle Spannungsanalyse. VDI-Verlag, pp. 279–299 (Chapter D 2.4).
Robertson, R.E., 1966. Theory for the plasticity of glassy polymers. The Journal of Chemical Physics 44, 3950–3956.
Šilhavy´, M., 1997. The Mechanics and Thermodynamics of Continuous Media. Springer, Berlin.
Simo, J.C., Marsden, J., 1984. On the rotated stress tensor and the material version of the Doyle–Ericksen formula. Archive for Rational Mechanics and
Analysis 86, 213–231.
Spitzig, W.A., Richmond, O., 1979. Effect of hydrostatic pressure on the deformation behavior polyethylene and polycarbonate in tension and in
compression. Polymer Engineering and Science 19, 1129–1139.
Tomita, Y., Adachi, T., Sik, P.S., 1997. Computational simulation of three-dimensional neck propagation in polymeric specimens under tension and hybrid
identiﬁcation of constitutive equation. International Journal of Mechanical Sciences 39, 913–923.
202 C. Miehe et al. / International Journal of Solids and Structures 46 (2009) 181–202Tomita, Y., Tanaka, S., 1995. Prediction of deformation behavior of glassy polymers based on molecular chain network model. International Journal of Solids
and Structures 32, 3423–3434.
Treloar, L.R.G., 1946. The photoelastic properties of short-chain molecular networks. Transactions of the Faraday Society 50, 881–896.
Treloar, L.R.G., 1975. The Physics of Rubber Elasticity, third ed. Clarendon Press, Oxford.
Treloar, L.R.G., Riding, G., 1979. A non-Gaussian theory of rubber in biaxial strain. I. Mechanical properties. Proceedings of the Royal Society London A 369,
261–280.
Vincent, P.I., 1960. The necking and cold–drawing of rigid plastics. Polymer 1, 7–19.
Wang, M.C., Guth, E., 1952. Statistical theory of networks of non–gaussian ﬂexible chains. The Journal of Chemical Physics 20, 1144–1157.
Winter, D., 1993. Optische verschiebungsmessung nach dem objektrasterprinzip mit hilfe eines ﬂächenorientierten ansatzes. Ph.D. thesis, Technische
Universität Carolo-Wilhelmina zu Braunschweig.
Wu, P.D., van der Giessen, E., 1993. On improved network models for rubber elasticity and their applications to orientation hardening in glassy polymers.
Journal of the Mechanics and Physics of Solids 41, 427–456.
Wu, P.D., van der Giessen, E., 1994. Analysis of shear band propagation in amorphous glassy polymers. International Journal of Solids and Structures 31,
1493–1517.
Wu, P.D., van der Giessen, E., 1995. On neck propagation in amorphous glassy polymers under plane strain tension. International Journal of Plasticity 11,
211–235.
Xiao, H., Bruhns, O.T., Meyers, A., 2006. Elastoplasticity beyond small deformations. Acta Mechanica 182, 31–111.
